Appendix C

RESULTS FROM ANALYTIC
FUNCTION THEORY

C.1 Introduction

This appendix summarizes key results from analytic function theory leading to the
Cauchy Integral formula and its consequence, the Poisson—Jensen formula.

C.2 Independence of Path

Consider functions of two independent variables, z and y. (The reader can think of
x as the real axis and y as the imaginary axis.)

Let P(z,y) and Q(z,y) be two functions of z and y, continuous in some domain
D. Say we have a curve C' in D, described by the parametric equations

z = fi(t), y = falt) (C.2.1)

We can then define the following line integrals along the path C' from point A
to point B inside D.

B ta

[ P = [P, o) Ll (C.22)
A t1

df(t)
dt

dt (C.2.3)

t
t1

B 2
/A Q.wdy = [ QUAW). f2(1))

Definition C.1. The line integral [ Pdx+ Qdy is said to be independent of the
path in D if, for every pair of points A and B in D, the value of the integral is
independent of the path followed from A to B.

ooo
We then have the following result.

901
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Theorem C.1. If [ Pdx + Qdy is independent of the path in D, then there exists
a function F(x,y) in D such that

oF oF
hold throughout D. Conversely, if a function F(x,y) can be found such that (C.2.4)
hold, then [ Pdx + Qdy is independent of the path.

Proof

Suppose that the integral is independent of the path in D. Then, choose a point
(z0,y0) in D and let F(z,y) be defined as follows

.,y
F(z,y) = Pdx + Qdy (C.2.5)

Z0,Y0

where the integral is taken on an arbitrary path in D joining (zo,y0) and (z,y).
Because the integral is independent of the path, the integral does indeed depend
only on (z,y) and defines the function F(z,y). It remains to establish (C.2.4).

Figure C.1. Integration path

For a particular (z,y) in D, choose (z1,y) so that 1 # x and so that the
line segment from (z1,y) to (z,y) in D is as shown in Figure C.1. Because of
independence of the path,

z,y

Fla,y) = / Y (Pda + Qay) + / (Pdz + Qdy) (C.2.6)

0,Y0 Z1,Y

We think of 21 and y as being fixed while (z,y) may vary along the horizontal
line segment. Thus F(z,y) is being considered as function of z. The first integral
on the right-hand side of (C.2.6) is then independent of x.

Hence, for fixed y, we can write



Section C.2. Independence of Path 903

F(z,y) = constant +/ P(z,y)dx (C.2.7)

x1

The fundamental theorem of Calculus now gives

oF
A similar argument shows that
oF
B (z,y) (C.2.9)

Conversely, let (C.2.4) hold for some F. Then, with ¢ as a parameter,

T2,Y2 to
F(m,y)z/ Pdz + Qdy =/ <8Fd—x+a—F@> dt  (C.2.10)

1,91 t Oz dt ' dy dt
2 or
= —dt C.2.11
t ot ( )
= F(z2,y2) — F(z1,51) (C.2.12)

oono

Theorem C.2. If the integral [ Pdx + Qdy is independent of the path in D, then

]{de +Qdy =0 (C.2.13)

on every closed path in D. Conversely if (C.2.13 ) holds for every simple closed
path in D, then [ Pdx + Qdy is independent of the path in D.

Proof

Suppose that the integral is indﬂependentﬂ of the path. Let C' be a simple closed path
in D, and divide C into arcs AB and BA as in Figure C.2.

7{ (Pdx + Qdy) = / Pdx + Qdy + / Pdzx + Qdy (C.2.14)
c AB

BA

:/ de—i—Qdy—/ Pdx + Qdy (C.2.15)
AB AB

The converse result is established by reversing the above argument.
oOoo
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AB B

A BA

Figure C.2. Integration path

Theorem C.3. If P(x,y) and Q(z,y) have continuous partial derivatives in D and
[ Pdx + Qdy is independent of the path in D, then

orP  0Q ,
9y~ oz in D (C.2.16)

Proof

By Theorem C.1, there exists a function F' such that (C.2.4) holds. Equation
(C.2.16) follows by partial differentiation.
oOoo
Actually, we will be particularly interested in the converse to Theorem C.3.
However, this holds under slightly more restrictive assumptions, namely a simply
connected domain.

C.3 Simply Connected Domains

Roughly speaking, a domain D is simply connected if it has no holes. More precisely,
D is simply connected if, for every simple closed curve C' in D, the region R enclosed
by C' lies wholly in D. For simply connected domains we have the following:

Theorem C.4 (Green’s theorem). Let D be a simply connected domain, and
let C be a piecewise-smooth simple closed curve in D. Let P(x,y) and Q(x,y) be
functions that are continuous and that have continuous first partial derivatives in

D. Then
0Q 9
]{(de+Qdy)://R<a—g—a—];> dady (C.3.1)

where R is the region bounded by C.
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Proof

We first consider a simple case in which R is representable in both of the forms:

fi(z) < fa(x) for a<z<b
91(y) < 92(y) for c <y <d (C.3.3)

—~
a
@
[\)

~

Then

fa2(=)
// —d;vdy—// 8—Pdgcdy (C.3.4)

One can now integrate to achieve

b
/ / Godedy = [ [Ple,fo(o) ~ Pl () (C.3.5)
ab b
= /a P(x,fg(x))dx—/a P(z, f1(z))dz (C.3.6)
= %P(x,y)dac (C.3.7)
C

By a similar argument,

// e W = f{CQ(””y)dll (C.3.8)

For more complex regions, we decompose into simple regions as above. The
result then follows.
oOoo

We then have the following converse to Theorem C.3.

Theorem C.5. Let P(x,y) and Q(x,y) have continuous derivatives in D and let
D be simply connected. If %—I; = %, then ¢ Pdx + Qdy is independent of path in
D.

Proof

Suppose that

or _oq
oy Oz
Then, by Green’s Theorem (Theorem C.4),

in D (C.3.9)
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Pdz + Qdy = 0Q _ P\ jray =0 (C.3.10)
/ [1(5-%)

ooao

C.4 Functions of a Complex Variable

In the sequel, we will let z = x 4+ jy denote a complex variable. Note that z is
not the argument in the Z-transform, as used at other points in the book. Also,
a function f(2) of a complex variable is equivalent to a function f(z,y). This will
have real and imaginary parts u(z,y) and v(z,y) respectively.

We can thus write

f(z) = u(@,y) + jo(z,y) (C.4.1)

Note that we also have

/ f(2)dz = / (uz, ) + jole, v))(d + jdy)
C C

~ [ atepas - [ v(x,y>dy+j{ [uteaan+ [ v(x,ymx}

We then see that the previous results are immediately applicable to the real and
imaginary parts of integrals of this type.
C.5 Derivatives and Differentials

Let w = f(z) be a given complex function of the complex variable z. Then w is
said to have a derivative at zq if

lim f(z0 + Az) — f(20)
Az—0 Az

(C.5.1)

exists and is independent of the direction of Az. We denote this limit, when it
exists, by f’(zo).
C.6 Analytic Functions

Definition C.2. A function f(z) is said to be analytic in a domain D if [ has a
continuous deriwative in D.

ooo
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Theorem C.6. Ifw = f(z) = u+jv is analytic in D, then u and v have continuous
partial derivatives satisfying the Cauchy-Riemman conditions.

Ju Ov ou ov
Er 8_y’ 8_3/ =—3 (C.6.1)

Furthermore

ow Ou Qv v Ov Ou . Ou Ov j@
dy

- _ 7= - == — = i = .6.2
0z 5:v+J6w 6y+j5;v Ox jay oy (C.6.2)

Proof

Let 2 be a fixed point in D and let Aw = f(20+Az)— f(z0). Because f is analytic,
we have

Aw = YAz + eAz; v 2 1 (20) (C.6.3)

where v = a + jb and € goes to zero as |zg| goes to zero. Then

Au+ jAv = (a+ jb)(Azx + jAyY) + (e1 + je2)(Ax + jAY) (C.6.4)
So
Au = alAx — bAy + 1 Ax — e2Ay (C.6.5)
Av = bAz + aAy + eoAx + €1 Ay (C.6.6)
Thus, in the limit, we can write
du = adx — bdy; dv = bdx — ady (C.6.7)
or
ou v Ju Ov
— == —— — =—b=—-—— C.6.8
9r ¢ oy’ Oy Ox ( )
oogd

Actually, most functions that we will encounter will be analytic, provided the
derivative exists. We illustrate this with some examples.

Example C.1. Consider the function f(z) = z2. Then

f(2) = (x+jy)? =27 —y* + j(2zy) = u+ jv (C.6.9)
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The partial derivatives are

ou ov ou ov
= =9 — = — = 2 — =2 .6.1
ox s ox 4 dy 9 oy o (C.6.10)

Hence, the function is clearly analytic.

Example C.2. Consider f(z) = |z| .
This function is not analytic, because d|z| is a real quantity and, hence, % will
depend on the direction of z.

Example C.3. Consider a rational function of the form:
(z=P)(z—=Pa)---(2=Pm) _ N(2)

W) =K e o) = DG (C.6.11)

ow 1 ON(z)
9z D2(z) [D(Z) 0z

(C.6.12)

N 8D(z)]

0z
These derivatives clearly exist, save when D = 0, that is at the poles of W (z).
Example C.4. Consider the same function W (z) defined in (C.6.11). Then

Oln(W) 1 B ON(z)
0z N(2)D(z) {D( ) 0z

- N @) 0z :N(z) 0z  D(z) 0z

(C.6.13)

8D(z)] 1 9N(z) 1 0D(z)

Hence, In(W (z)) is analytic, save at the poles and zeros of W(z).

C.7 Integrals Revisited

Theorem C.7 (Cauchy Integral Theorem). If f(2) is analytic in some simply
connected domain D, then [ f(z)dz is independent of path in D and

74 f(z)dz=0 (C.7.1)
c
where C' is a simple closed path in D.

Proof

This follows from the Cauchy—Riemann conditions together with Theorem C.2.
oOoo
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We are also interested in the value of integrals in various limiting situations.
The following examples cover relevant cases.
We note that if Lo is the length of a simple curve C, then

/Cf(z)dz

Example C.5. Assume that C is a semicircle centered at the origin and having
radius R. The path length is then Lc = wR. Hence,

< max(|f(z)|)Lc (C.7.2)

o if f(2) varies as 272, then | f(2)| on C must vary as R=2 — hence, the integral
on C wvanishes for R — oc.

o if f(2) varies as 271, then |f(2)| on C must vary as R=! — then, the integral
on C becomes a constant as R — oo.

Example C.6. Consider the function f(z) = In(z) and an arc of a circle, C,
described by z = e’V for v € [—y1,71]. Then

L 2 lim / F(z)dz =0 (C.7.3)
C

e—0

This is proven as follows. On C, we have that f(z) = In(e). Then

I = lim [(12 — 71)e In(e)] (C.7.4)

We then use the fact that lim|,_o(xInz) =0, and the result follows.

Example C.7. Consider the function

f(z)=In (1 + ;in) n>1 (C.7.5)

and a semicircle, C, defined by z = Re?Y for v € [—%, %] Then, if C is followed
clockwise,

R—o0 —jma  forn=1

In 2 Jim / F(z)dz = {0 Jorn>1 (C.7.6)
C

This is proven as follows.
On C, we have that z = RelY; then

Ir = lim j/ ’ In (1 + %e_jn'v) Re/Vdy (C.7.7)
3

R—oo
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We also know that

|lilmO In(l+z)==x (C.7.8)
Then
: PN s T
Ig = ngnoo o1l [ e dry (C.7.9)
3

From this, by evaluation for n =1 and for n > 1, the result follows.

oOoo
Example C.8. Consider the function
fE) =t (14e2) n>1 >0 (C.7.10)

and a semicircle, C, defined by z = Re?Y for v € [—%, %} Then, for clockwise C,

Ir 2 lim / f(2)dz =0 (C.7.11)
C

R—oo

This is proven as follows.
On C, we have that z = RedY; then

2 a z
Ir= 1 ] In({l4+ ——— d C.7.12
R Rgréo][ [n( +z(n—|—1) e”)ZL_Reﬂ g ( )

We recall that, if T is a positive real number and R{z} > 0, then

[SE]

=0 (C.7.13)

|z|]—o0 €T

Moreover, for very large R, we have that

z

~
~

1
z=RelY 2™ e

(14252 (C.7.14)

Zn+1 ezT

z=RelY

Thus, in the limit, this quantity goes to zero for all positive n. The result then
follows.
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oogd

Example C.9. Consider the function

z—a
=1 7.1
1o =m(252) (©.7.15)
and a semicircle, C, defined by z = Re?Y for v € [—%, %} Then, for clockwise C,
A .
Ip = Rhm / f(2)dz = j27a (C.7.16)
— 00 C

This result is obtained by noting that

ln(z;?L):ln(i;g)zln(l—g)—ln(l—l—g) (C.7.17)

and then applying the result in example C.7.

oogd
Example C.10. Consider a function of the form
a_1 a_9
= — 4+ —+4... 7.1
f(2) p, + 2 + (C.7.18)
and C, an arc of circle z = Re?? for 6 € [01,02]. Thus, dz = jzdf, and
d b2
/ il :/ jdo = —5(02 — 61) (C.7.19)
c Z 01
Thus, as R — oo, we have that
/ f(Z)dZ = —ja,1(92 - 91) (C720)
c
oogd

Example C.11. Consider, now, f(z) = 2"™. If the path C is a full circle, centered
at the origin and of radius R, then

fz”dz = / (R"ejne) jRedy (C.7.21)
c

—T

- {0 forn 7 1 (C.7.22)

—27tj  for n = —1 (integration clockwise)



912 Results From Analytic Function Theory =~ Appendix C

oogd
We can now develop Cauchy’s Integral Formula.
Say that f(z) can be expanded as
flz)= za_lz +ag+a1(z—20) +ag(z—20) +... (C.7.23)
— 20

the a_; is called the residue of f(z) at zo.

i
Cy €

20

Figure C.3. Path for integration of a function having a singularity

Consider the path shown in Figure C.3. Because f(z) is analytic in a region
containing C, we have that the integral around the complete path shown in Figure
C.3 is zero. The integrals along C; and Cj cancel. The anticlockwise circular
integral around zy can be computed by following example C.11 to yield 27ja_1.
Hence, the integral around the outer curve C' is minus the integral around the circle
of radius e. Thus,

j{ f(z)dz = —2mja_y (C.7.24)
C

This leads to the following result.

Theorem C.8 (Cauchy’s Integral Formula). Let g(z) be analytic in a region.
Let q be a point inside the region. Then Z(TZ; has residue g(q) at z = q, and the
integral around any closed contour C' enclosing q in a clockwise direction is given
by

]{ &dz = —2mjg(q) (C.7.25)
cc 4
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oogd
We note that the residue of ¢g(z) at an interior point, z = ¢, of a region D can
be obtained by integrating Z(TZ; on the boundary of D. Hence, we can determine

the value of an analytic function inside a region by its behaviour on the boundary.

C.8 Poisson and Jensen Integral Formulas

We will next apply the Cauchy Integral formula to develop two related results.
The first result deals with functions that are analytic in the right-half plane
(RHP). This is relevant to sensitivity functions in continuous-time systems, where
Laplace transforms are used.
The second result deals with functions that are analytic outside the unit disk.
This will be a preliminary step to analyzing sensitivity functions in discrete time,
on the basis of Z-transforms.

C.8.1 Poisson’s Integral for the Half-Plane

Theorem C.9. Consider a contour C bounding a region D. C is a clockwise con-
tour composed by the imaginary axis and a semicircle to the right, centered at the
origin and having radius R — oco. This contour is shown in Figure C.4. Consider
some zy = xg + jyo with xg > 0.

Let f(2) be a real function of z, analytic inside D and of at least the order of
271 f(2) satisfies

lim |z||f(2)| =08 0< B <00 z€D (C.8.1)

|z|—00

then

L[ fGw)

=—— .8.2
f(z0) o7 | Gw—z (C.8.2)
Moreover, if (C.8.1) is replaced by the weaker condition
‘ l‘im % =0 ze€D (C.8.3)
then
fe) =1 [ ) (©8.4)
O E T e - w)? -
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C=C;UCx

Figure C.4. RHP encircling contour

Proof

Applying Theorem C.8, we have

_ 1 () , _ 1 (2) 1 f(z)
f(z0) = 27y Cz—zodz_ 27§ Ciz—zodz 27y cmz—zodz (C.8.5)

Now, if f(z) satisfies (C.8.1), it behaves like z~! for large |2|, i.e., % is like
272, The integral along Cy, then vanishes and the result (C.8.2) follows.

To prove (C.8.4) when f(z) satisfies (C.8.3), we first consider z1, the image of
zo through the imaginary axis, i.e., 21 = —xg + jyo. Then % is analytic inside
D, and, on applying Theorem C.7, we have that

1
L,
23 Jo z— =1

(C.8.6)

By combining equations (C.8.5) and (C.8.6), we obtain

f(z0) = — fC(M—LZ)l)dz:—i ) —2 g

2w z—20 2z—2% 2im Jo (z —20)(z — 21)
(C.8.7)
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Because C' = C; U C, the integral over C' can be decomposed into the integral
along the imaginary axis , C;, and the integral along the semicircle of infinite radius,
Cw. Because f(z) satisfies (C.8.3), this second integral vanishes, because the factor

i s of order 272 at oo.
Then
——i/m Fw) 2 (C.8.8)
7)o G20 G = 21) °

The result follows upon replacing zy and z; by their real; and imaginary-part
decompositions.
oOoo

Remark C.1. One of the functions that satisfies (C.8.3) but does not satisfy (C.8.1)
is f(z) = Ing(z), where g(2) is a rational function of relative degree n, # 0. We
notice that, in this case,

1 K||n, 1 -
lim [M] B LS TS e o LT (C.8.9)

|z| =00 |Z| R—o0 R

where K is a finite constant and 0 is an angle in [-%, Z].

Remark C.2. Equation (C.8.4) equates two complex quantities. Thus, it also ap-
plies independently to their real and imaginary parts. In particular,

R{f(20)} / R{f(jw)} (y —w)de (C.8.10)

This observation is relevant to many interesting cases. For instance, when f(z)
is as in remark C.1,

R{f(2)} = In[g(2)] (C.8.11)

For this particular case, and assuming that g(z) is a real function of z, and that
yo = 0, we have that (C.8.10) becomnes

1 [ 2%

where we have used the conjugate symmetry of g(z).
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C.8.2 Poisson—Jensen Formula for the Half-Plane

Lemma C.1. Consider a function g(z) having the following properties

(iii) g(z) has zeros in the open RHP, located at ay,as, ... ,an;

lng(z)| _
El

Consider also a point zg = xg + jyo such that xo > 0; then

n

20 — G4 1 [ xo .
1 = 1 + —/ - | d C.8.13
ng(zo)| ; e | e E T e e )
Proof
Let
A oz +al
i) =9 ]] P (C.8.14)
i=1 ¢

Then, In g(z) is analytic within the closed unit disk. If we now apply Theorem
C.9 to In g(z), we obtain

n * 1 o0
In§(z0) = lng(zo) + > In (M) - —/ Y Ing(jw)dw
=1

20 — Q; T J_ oo @3+ (w—1y0)
(C.8.15)

We also recall that, if x is any complex number, then ®{lnz} = R{ln |z|+jLx} =
In |z|. Thus, the result follows upon equating real parts in the equation above and
noting that

In[g(jw)| = In|g(jw)| (C.8.16)
Doo

C.8.3 Poisson’s Integral for the Unit Disk

Theorem C.10. Let f(z) be analytic inside the unit disk. Then, if zo = re’?, with
0<r<1,
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2
f(z0) = % ; Py (6 —w)f(e™)dw (C.8.17)

where Py (x) is the Poisson kernel defined by

N p? — 12

Py
() p? —2rpcos(z) 4+ r?

0<r<p, zeR  (C.8.18)

Proof

Consider the unit circle C. Then, using Theorem C.8, we have that

f(z0) = 1 Malz (C.8.19)

2n3 Jo 2 — 2o

Define

Al
2 = =el?

(C.8.20)
Because z; is outside the region encircled by C, the application of Theorem C.8
yields

_ 1 f(2)
BTl A dz (C.8.21)

Subtracting (C.8.21 ) from (C.8.19 ) and changing the variable of integration,
we obtain

27
! f(ej“’)ej“[ L dw (C.8.22)

f( 0) 27 0 ejw — ,reje rejw — e]9

from which the result follows.
oOoo

Consider now a function g(z) which is analytic outside the unit disk. We can
then define a function f(z) such that

OEY <l> (C.8.23)
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Assume that one is interested in obtaining an expression for g((p), where {y =

rel?, r > 1. The problem is then to obtain an expression for f (Cio) Thus, if we

define zq 2 Clo = %e*je, we have, on applying Theorem C.10, that
1 27 )
96) = 5= [P0 - wigle ) (C.8.24)
m™Jo "
where
r2—1
P i(—0—-w)= C.8.25
1.3 ( w) r2 —2rcos(6 + w) +1 ( )
If, finally, we make the change in the integration variable w = —v, the following
result is obtained.
: 1 [ r?—1 :
30y = — IYYd 8.2
g(re™) 27 /0 r2 — 2rcos(6 — v) + lg(e v (C.8.26)

Thus, Poisson’s integral for the unit disk can also be applied to functions of a
complex variable which are analytic outside the unit circle.

C.8.4 Poisson—Jensen Formula for the Unit Disk
Lemma C.2. Consider a function g(z) having the following properties:

(i) g(z) is analytic on the closed unit disk;
(ii) g(z) does not vanish on the unit circle;

(iii) g(z) has zeros in the open unit disk, located at &n, s, ... ,ag.

Consider also a point zg = re? such that r < 1; then

i 20 — Q 1 2 .
In|g(z0)| = Y In 10_7% o ), Pp, (0 —w)In|g(e’)|dw (C.8.27)
=1 g
Proof
Let
PN . 1—ajz
i) =9 ]] - (C.8.28)
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Then In §(z) is analytic on the closed unit disk. If we now apply Theorem C.10
to In §(z), we obtain

1 27 )
Ing(zp) =Ing(zp) + Zln ( - il;o) - %/ P, (0 —w)lng(e’)dw
i 0
(C.8.29)

We also recall that, if = is any complex number, then Inz = In|z| 4+ jZx. Thus
the result follows upon equating real parts in the equation above and noting that

In [G(e’)| = In[g(e’)] (C.8.30)
ooo

Theorem C.11 (Jensen’s formula for the unit disk). Let f(z) and g(z) be an-
alytic functions on the unit disk. Assume that the zeros of f(z) and g(z) on the unit

disk are &, o, ... 05 and B, Ba, ..., Bm respectively, where none of these zeros
lie on the unit circle.
If
a A\ f(2)
h(z) = 2" ——= AER C.8.31
()22 (C831)
then
1 [ ; f(0) ‘ 13152 - . . B
— In|h(e’“)|dw =In|—=| +In ————— C.8.32
2”/0 IR ‘9(0) |1 . .. o ( )

Proof

We first note that In|h(2)] = Aln|z| + In|f(z)] — In|g(2)]. We then apply the
Poisson—Jensen formula to f(z) and g(z) at zo = 0 to obtain

20 — Oy _ 20 — Bi ~
Py (z) = P —1; In| 22— eyl n| 22 13
(@) = Pro(x) n T—arz n|a| n T n|5;]
(C.8.33)
‘We thus have that
mU|—me——/1wwwm (C.8.34)
0

™

In [g(0)] = Zlnm — %/0 In |g(e’)|dw (C.8.35)
i=1
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The result follows upon subtracting equation (C.8.35) from (C.8.34), and noting
that

A 2w

- Jw —
o |, In e’ |dw =0 (C.8.36)

oono

Remark C.3. Further insights can be obtained from equation (C.8.32) if we as-
sume that, in (C.8.31), f(z) and g(z) are polynomials;

f(z) = Ky Hl(z — ;) (C.8.37)

9(z) = f[l(z - i) (C.8.38)
then 7

roledl vy s

Thus, a1, Qg, . ..ap and B1, Ba, . .. Bm are all the zeros and all the poles of h(z),
respectively, that have nonzero magnitude.
This allows equation (C.8.32) to be rewritten as

1 [ - lafady ... al,l

— [ In[h(e/*)|dw = In |Kf| + In 21 C.8.40

o Jy M S e T (O8)
where oy, oy, ... b, and By, B, ... B, are the zeros and the poles of h(z), respec-

tively, that lie outside the unit circle .
oOoo
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C.9 Application of the Poisson—Jensen Formula to Certain Ratio-
nal Functions

Consider the biproper rational function h(z) given by

h(z) = zi@ (C.9.1)

A is a integer number, and f(z) and g(z) are polynomials of degrees my and my,
respectively. Then, due to the biproperness of h(z), we have that A + my = m,,.
Further assume that

(i) g(z) has no zeros outside the open unit disk,
(ii) f(z) does not vanish on the unit circle, and
(iii) f(z) vanishes outside the unit disk at (31,32, . .. , Bm.

Define

/1
hz) = L3 2y (—) (C.9.2)
where f(z) and g(z) are polynomials.
Then it follows that
(i) g(2) has no zeros in the closed unit disk;
(ii) f(z) does not vanish on the unit circle;

(iii) f(2) vanishes in the open unit disk at B1, B2, Bm, where 3; = ﬁ;l for
i=1,2,...,0m;

(iv) h(z) is analytic in the closed unit disk;

(v) h(z) does not vanish on the unit circle;

(vi) h(z) has zeros in the open unit disk, located at 31, 32, ... , Bm.
We then have the following result

Lemma C.3. Consider the function h(z) defined in (C.9.2) and a point zo = re’?
such that r < 1; then

1 27

+ 5= Py (0 — w)In |h(e?)|dw (C.9.3)
2 Jo

B 20

where P , is the Poisson kernel defined in (C.8.18).

m 20— *i
In[h(z0)| = Y In 10_ b
=1
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Proof

This follows from a straightforward application of Lemma C.2.
oogd
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C.10 Bode’s Theorems
We will next review some fundamental results due to Bode.

Theorem C.12 (Bode integral in the half plane). Let [(z) be a proper real,
rational function of relative degree n,.. Define

(1+1(z) " (C.10.1)
and assume that g(z) has neither poles nor zeros in the closed RHP. Then
o0 0 orn, > 1
/ In|g(jw)|dw = / A (C.10.2)
0 —k%  forn. =1 where K =Ilim, . 2l(2)

Proof

Because In g(z) is analytic in the closed RHP,

7{ Ing(z)dz=0 (C.10.3)
c

where C' = C; U C is the contour defined in Figure C.4.
Then

ﬁlng(z)dz :j/ioolng(jw)dw - /COO In(1+1(2))d= (C.10.4)

For the first integral on the right-hand side of equation (C.10.4), we use the
conjugate symmetry of ¢g(z) to obtain

/Oo In g(jew)dw — 2/000 In |g(jw)|dw (C.10.5)

—0o0

For the second integral, we notice that, on Cs, I(2) can be approximated by

a

(C.10.6)

Znr

The result follows upon using example C.7 and noticing that a = k for n, = 1.
ooo

Remark C.4. Ifg(z) = (1+ e_/”l(z))_1 for 7 >0, then result (C.10.9) becomes
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/ In|g(jw)|dw =0 VYn, >0 (C.10.7)
0

The proof of (C.10.7) follows along the same lines as those of Theorem C.12
and by using the result in example C.8.

Theorem C.13 (Modified Bode integral). Let I(z) be a proper real, rational
function of relative degree n,.. Define

2

g(z) = (1+1(z)~* (C.10.8)

Assume that g(2) is analytic in the closed RHP and that it has q zeros in the open
RHP, located at C1,Ca, ... ,Cq with R((;) > 0. Then

o0 Tyt G forn, >1
| wlgtie)ids -
0

—Kg +T I .G forn.=1 where k = lim, o 2l(2)

(C.10.9)

Proof

We first notice that In g(z) is no longer analytic on the RHP. We then define

q

3(2) 2 o) [ 228 (€.10.10)

i1 PTG

Thus, In §(z) is analytic in the closed RHP. We can then apply Cauchy’s integral
in the contour C' described in Figure C.4 to obtain

. s I z4+
ﬁlng(z)dz =0= %Clng(z)dz—i—;ﬁm Tcidz (C.10.11)

The first integral on the right-hand side can be expressed as

]{Clng(z)dz:%/o In |g(jw)|dw+/c Ing(z)dz (C.10.12)

oo

where, by using example C.7.

0 for n,. > 1
/ Ing(z)dz = (C.10.13)
Coo

jrkm  forn, =1 where & = lim,_, 20(2)
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The second integral on the right-hand side of equation (C.10.11) can be com-
puted as follows:

Z— G4 —0 Jw — G - Z— G4

flni@dpj/ 1n3,“’—+<idw+/ In 25 g, (C.10.14)
c G c G

We note that the first integral on the right-hand side is zero, and by using
example C.9, the second integral is equal to —2j7(;. Thus, the result follows.
oogd

Remark C.5. Note that g(z) is a real function of z, so

S6=Y R} (C.10.15)
1=1

i=1

ooao

Remark C.6. If g(z) = (1 —|—e"”l(z))_1 for T > 0, then the result (C.10.9) be-
comes

o) q
/ In |g(jw)|dw = 7> R{¢;} Vn, >0 (C.10.16)
0

i=1

The proof of (C.10.16) follows along the same lines as those of Theorem C.13
and by using the result in example C.8.

Remark C.7. The Poisson, Jensen, and Bode formulae assume that a key function
s analytic, not only inside a domain D, but also on its border C'. Sometimes, there
may exist singularities on C. These can be dealt with by using an infinitesimal
circular indentation in C, constructed so as to leave the singularity outside D. For
the functions of interest to us, the integral along the indentation vanishes. This is
illustrated in example C.6 for a logarithmic function, when D is the right-half plane
and there is a singularity at the origin.

oono



