AppendixC

RESULTS FROM ANALYTIC
FUNCTION THEORY

C.1 Intro duction

This appendix summarizeskey results from analytic function theory leadingto the
Caudhy Integral formula and its consequencethe Poisson{Jensenformula.

C.2 Independence of Path

Consider functions of two independert variables, x andy. (The reader canthink of
x asthe real axis and y asthe imaginary axis.)

Let P(x;y) and Q(x; y) betwo functions of x and y, corntinuousin somedomain
D. Say we have a curve C in D, described by the parametric equations

x = fq(t); y = fa(t) (C.2.1)

We can then de ne the following line integrals along the path C from point A
to point B inside D.

Zg Z,

P(x;y)dx = ’ P(fl(t);fz(t))dé?) dt (C.2.2)
ZA Z'(l

BQ(x- ydy = N £100: (1)) T2 gy c.23
. ;y)dy . Q(f(t); f2()) —; (C.2.3)

R
Denition C.1. Theline integral Pdx+ Qdy is said to be indep endent of the
path in D if, for every pair of points A and B in D, the value of the integral is
independent of the path followed from A to B.

222
We then have the following result.

901
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R
Theorem C.1. If Pdx+ Qdy is independent of the path in D, then there exists
a function F(x;y) in D suchthat

o 3

— = PXxy); — = Q(x; C24

& (xy) @ Q(x;y) (C.24)
hold throughoutD . Conversely,if a function F(x;y) can be found suchthat (C.2.4)
hold, then Pdx + Qdy is independent of the path.

Proof

Supposethat the integral is independert of the path in D. Then, choosea point
(Xo0;Yo) in D and let F(x;y) be de ned as follows

Z,
Xy
F(x;y) = Pdx + Qdy (C.2.5)

Xo0:Yo

where the integral is taken on an arbitrary path in D joining (Xo;Yo) and (x;y).
Becausethe integral is independert of the path, the integral doesindeed depend
only on (x;y) and de nes the function F(x;y). It remainsto establish (C.2.4).

Figure C.1. Integration path

For a particular (x;y) in D, choose (x1;y) sothat x; 6 x and so that the
line segmen from (X1;y) to (X;y) in D is as shown in Figure C.1. Becauseof
independenceof the path,

vA X1y z Xy
F(xy) = (Pdx + Qdy) + (Pdx + Qdy) (C.2.6)

Xo0:Yo X1}y

We think of x; and y asbeing xed while (x;y) may vary along the horizontal
line segmen. Thus F(X;y) is being consideredas function of x. The rst integral
on the right-hand side of (C.2.6) is then independert of x.

Hence,for xed y, we can write
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Z X
F (x;y) = constart + P (x; y)dx (C.2.7)

X1

The fundamental theorem of Calculus now gives

@

— = P(x; c.28
& (x:y) ( )
A similar argumert shows that
o
= = Q(X; C.2.9
@ (x:y) ( )
Conversely let (C.2.4) hold for someF. Then, with t asa parameter,
Zy,y Z,
2;Y2 2 @; dx @ dy
F(xy) = Pdx + Qdy = ——+ —— dt C.2.10
(xy) s Qdy Lo@d @ ( )
Z, @
= —dt c.211
. @ ( )
= F(X2;y2) F(X1:y1) (C.2.12)
222

R
Theorem C.2. If theintegral Pdx+ Qdy is independent of the path in D, then

Pdx+ Qdy= 0 (C.2.13)

on every closa gath in D. Converselyif (C.2.13 ) holds for every simple closel
path in D, then Pdx+ Qdy is independent of the path in D.

Proof

Supposethat the integral is independert of the path. Let C be a simple closedpath
in D, and divide C into arcs AB and BA asin Figure C.2.

I Z z
(Pdx + Qdy) = Pdx + Qdy + Pdx + Qdy (C.2.14)
C ZAB ZBA
= Pdx + Qdy Pdx + Qdy (C.2.15)
AB AB

The corverseresult is establishedby reversing the above argumert.
222
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AB B

A BA

Figure C.2. Integration path

Rheorem C.3. If P(x;y) and Q(x;y) havecontinuous partial derivativesin D and
Pdx + Qdy is independent of the path in D, then

@_@

5" & in D (C.2.16)

Proof

By Theorem C.1, there exists a function F sud that (C.2.4) holds. Equation
(C.2.16) follows by partial di eren tiation.
222
Actually, we will be particularly interested in the converseto Theorem C.3.
However, this holds under slightly more restrictive assumptions, namely a simply
connecteddomain.

C.3 Simply Connected Domains

Roughly speaking,a domain D is simply connectedif it hasno holes. More precisely,
D is simply connectedif, for every simple closedcurveC in D, the region R enclosed
by C lieswholly in D. For simply connecteddomains we have the following:

Theorem C.4 (Green's theorem). Let D be a simply connected domain, and
let C be a piecewise-smoth simple closal curve in D. Let P(x;y) and Q(x;y) be
functions that are continuous and that have continuous rst partial derivatives in
D. Then

| zz
(Pdx+ Qdy) =

28

% dxdy (C.3.1)

where R is the region boundal by C.



Section C.3. Simply Connected Domains 905

Proof

We rst considera simple casein which R is represertable in both of the forms:

fi(x) fa(x) fora x b (C.3.2)
a(y) G(Yy) forc y d (C.3.3)
Then
ZZ Z,Z
@ b f2(x) @
——dxdy = ——dxd C.34
@Y @™ €39
One can now integrate to achieve
ZZ @ Z,
——dxdy = [P(x;f2(x)) P(x;fi(x))]dx (C.3.5)
R @ a
Zy Zy
= P (x; f2(x)) dx P (x; f 1(x))dx (C.3.6)
|a a
= P (x; y)dx (C.3.7)
C

By a similar argumert,

ZZ@Q I

—dxdy =  Q(x;y)dy (C.3.8)
R @& c
For more complex regions, we decompose into simple regions as above. The
result then follows.
222
We then have the following converseto Theorem C.3.

Theorem C.5. Let P(x;y) and Q(x;y) hqye continuous derivativesin D and let
D be simply connected. If = % then Pdx + Qdy is independent of path in
D.

eR

Proof
Supposethat

in D (C.3.9)

28

@ _
@

Then, by Green's Theorem (Theorem C.4),
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| ZZ
Pdx + Qdy =

c R

dxdy = 0 (C.3.10)

28
Q9

222

C.4 Functions of a Complex Variable

In the sequel,we will let z = x + jy denote a complex variable. Note that z is
not the argumert in the Z-transform, as used at other points in the book. Also,
a function f (z) of a complex variable is equivalent to a function f (x;y). This will
have real and imaginary parts u(x;y) and v(x; y) respectively.

We can thus write

f(z) = u(x;y) + jv(xy) (C.4.1)
Note that we also have
z z
f(z)dz= (u(x;y) + jv(x;y))(dx + jdy)
¢ z Z Z Z

= u(x;y)dx v(x;y)dy + j ux;y)dy+  v(x;y)dx
C C C C

We then seethat the previous results are immediately applicable to the real and
imaginary parts of integrals of this type.
C.5 Derivatives and Di erentials

Let w = f(z) be a given complex function of the complex variable z. Then w is
said to have a derivative at zg if

lim f(zo+ 2) f(20)
z!' 0 Z

(C.5.1)

exists and is independert of the direction of z. We denote this limit, when it
exists, by f Yz).
C.6 Analytic Functions

De nition  C.2. A function f (z) is said to be analytic in a domain D if f hasa
continuous derivative in D.

222
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Theorem C.6. If w= f(z) = u+jvisanalytic in D, thenu andv havecontinuous
partial derivatives satisfying the Cauchy-Remman conditions.

a_e @_ @

; — = — c.6.1
@ @ @ @ (c64)
Furthermore
av_@ a@_a @_a@a @_a@ .@
a2 a la al'a"a '@ a 'a (C.6.2)
@ & @ @ @ @ @ @ O
Proof
Let zo bea xed pointin D andlet | = f(zp+ 2z) f(zp). Becausef is analytic,
we have
= z+  z: 2 £9z0) (C.6.3)
where = a+ jband goesto zeroasjzpj goesto zero. Then
u+j v=(a+jb( x+j y)+(2+]j2)( x+j y) (C.6.4)
So
=ax by+ i1 x 2V (C.6.5)
= b x+a y+ , X+ 1 vy (C.6.6)
Thus, in the limit, we can write
du= adx bdy, dv= bdx ady (C.6.7)
or
@ @ @ @
—=a= —; — = b= — C.6.8
& @ @ & (c.6.8)
222

Actually, most functions that we will encourter will be analytic, provided the
derivativ e exists. We illustrate this with someexamples.

Example C.1. Consider the function f (z) = z?. Then

f(z2)= (x+jy)?=x> y*+j@xy)=u+jv (C.6.9)
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The partial derivatives are

@_ ., . [C @_ ..
@ > @ ¥ g ¥

Hence, the function is clearly analytic.

= 2x (C.6.10)

Example C.2. Considerf (z) = jzj . N
This function is not analytic, becaused;jzj is a real quantity and, hene, dé% wil
depend on the direction of z.

Example C.3. Consider a rational function of the form:

(z )z 2 (z w)_N@

W@=KT)z 2 @ . bE (C6.11)
a1 N (2) @)
@ - 5ig PP g NoTg (C.6.12)

Thesederivativesclearly exist, save when D = 0, that is at the polesof W (z).

Example C.4. Consider the samefunction W (z) de ned in (C.6.11). Then

@n(w) _ 1 @\ (2)

@@ _ 1 ND 1 @O
@  Nope "W e

N9~ *No @ e @

(C.6.13)

Hence,In(W(z)) is analytic, save at the polesand zerosof W (z).

C.7 Integrals Revisited

Theorem C.7 (Cauc hy Iptegral Theorem). If f(2) is analytic in somesimply
connected domain D, then f (z)dz is independent of path in D and

|
f(z)dz= 0 (C.7.1)
C

where C is a simple closel path in D.

Proof

This follows from the Cauchy{Riemann conditions together with Theorem C.2.
222
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We are also interested in the value of integrals in various limiting situations.
The following examplescover relevant cases.
We note that if L¢ is the length of a simple curve C, then

z
f(z)dz  max(jf (2)j)Lc (C.7.2)
c z2C

Example C.5. Assumethat C is a semicircle centered at the origin and having
radius R. The path lengthis thenLc = R. Hence,

if f (z) variesasz 2, thenjf (z)j on C mustvary asR 2 { hene, the integral
on C vanishesfor R! 1.

if f (z) variesasz !, thenjf (z)j on C mustvary asR ! { then, the integral
on C becomesa constantasR! 1.

Example C.6. Consider the function f(z) = In(z) and an arc of a circle, C,
descrilkd byz= e! for 2[ 1; 1]. Then

z
I £1lm f(2)dz=0 (C.7.3)
ro ¢

This is provenas follows. On C, we havethat f (z) = In( ). Then

P=1mi(2 1) In()] (C.7.4)

We then usethe fact that limjx; o(xInx) = 0, and the result follows.

Example C.7. Consider the function

n

f(z)=In 1+ 23 no1 (C.7.5)

and a semicircle, C, dened by z = Re for 2 5,35 . Then, if C is followed
clockwise,

b (
. f > 1

et im  f@)dz= O orn (C.7.6)
RI1 ¢ ja forn=1

This is proven as follows.
On C, we havethat z= Ré ; then

z

z a .
— fim a_jn
IR RI!|{n i In 1+ R € Re d (C.7.7)

N
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We also know that

lim In(1 + x) = x (C.7.8)
jxjt 0

Then
Z 2
j el D g (C.7.9)

2

Ir = Rlllill.ﬂ Rn 1

From this, by evaluation for n = 1 and for n > 1, the result follows.

222
Example C.8. Consider the function
a
f(z)=In 1+e? o n 1, >0 (C.7.10)
and a semicircle, C, dened byz= Ré for 2 5,3 - Then, for clockwiseC,
z
Ik % lim  f(z)dz=0 (C.7.11)
RIL ¢
This is provenas follows.
On C, we havethat z = Rée ; then
Z 5 a z
Ir = lim j n 1+ —— d C.7.12
R= . zin+ 1) & ZZ:Re,- ( )
We recall that, if is a positive real number and <f zg> 0, then
im =0 (C.7.13)
- o
Moreover, for very large R, we havethat
a z 1z
— —— C.7.14
In 1+ T & zZ:Rei e ( )

z=Rel

Thus, in the limit, this quantity gcesto zer for all positive n. The result then
follows.
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222
Example C.9. Consider the function
f(2) = In ; 2 (C.7.15)
and a semicircle, C, dened byz= Ré for 2 5,3 - Then, for clockwiseC,
Z
Ig £ im Cf(z)dz: i2 a (C.7.16)
This resultis obtained by noting that
;2 = In i+§ = 1 ; In 1+§ (C.7.17)
and then applying the resultin exampleC.7.
222
Example C.10. Consider a function of the form
f(2) = %+ %+::: (C.7.18)
and C, an arc of circlez= Reé for 2[ 1; 2]. Thus,dz=jzd , and
z z
2= g =i (€.7.19)
Thus,asR! 1, we havethat
Z
Cf(Z)dz= ja (2 1) (C.7.20)
222

Example C.11. Consider, now, f (z) = z". If the path C is a full circle, centered
at the origin and of radius R, then
I z
z2"dz = R"é" jRE d (C.7.21)
¢ (
0 forné 1

= . . . . (C.7.22)
2 j forn= 1 (integration clockwise)
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222
We can now dewvelop Cauchy's Integral Formula.
Say that f (z) can be expandedas
f(z) = za 12 +ag+ al(z z0)+ axz o)+ ::: (C.7.23)
0

the a ; is called the residueof f (z) at zo.

G

29

Figure C.3. Path for integration of a function having a singularity

Consider the path shown in Figure C.3. Becausef (z) is analytic in a region
containing C, we have that the integral around the complete path shown in Figure
C.3 is zero. The integrals along C; and C, cancel. The anticlockwise circular
integral around zo can be computed by following example C.11 to yield 2 ja ;.
Hence,the integral around the outer curve C is minus the integral around the circle
of radius . Thus,

I
f(z)dz= 2 ja ; (C.7.24)
C

This leadsto the following result.

Theorem C.8 (Cauc hy's Integral Formula). Let g(z) be analytic in a region.
Let g be a point inside the region. Then % has residueg(q) at z = g, and the
integral around any closal contour C enclosingq in a clockwise direction is given

by

92) .
.z qolz- 2 jg(a (C.7.25)
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222
We note that the residue of g(z) at an interior point, z = q, of a region D can
be obtained by integrating % on the boundary of D. Hence,we can determine
the value of an analytic function inside a region by its behaviour on the boundary.

C.8 Poisson and Jensen Integral Formulas

We will next apply the Caudhy Integral formula to develop two related results.
The rst result deals with functions that are analytic in the right-half plane
(RHP). This is relevant to sensitivity functions in cortin uous-time systems, where
Laplace transforms are used.
The secondresult dealswith functions that are analytic outside the unit disk.
This will be a preliminary step to analyzing sensitivity functions in discrete time,
on the basisof Z-transforms.

C.8.1 Poisson's Integral for the Half-Plane

Theorem C.9. Consider a contour C bounding a region D. C is a clockwise con-
tour composel by the imaginary axis and a semicircle to the right, centered at the
origin and havingradius R ! 1 . This contour is shownin Figure C.4. Consider
somezp = Xg + j Yo With xo > 0.

Let f (z) be a real function of z, analytic inside D and of at least the order of
z 1; f(2) satis es

_ |_i|£n izjif (2)j = 0 <1 z2D (C.8.1)
jzj!
then
f(z0) = B P g (C.8.2)
T2 L Tz =

Moreover, if (C.8.1) is replaad by the weaker condition

im L@
jzjil izj

z2 D (C.8.3)

then

Z,

f@)= = 10D

X(2)+(y—o!)2d! (C.8.4)
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C=CI[C

Figure C.4. RHP encircling contour

Proof

Applying Theorem C.8, we have

| z z
1 fz) . 1 f (z) 1 f (2)
f(20) = 37 oz ZOolz- 27 o 2 Zodz 5T o 7 ZOolz (C.8.5)

Now, if f (z) satis es (C.8.1), it behaveslike z * for large jzj, i.e., T2 is like
z 2. The integral along C; then vanishesand the result (C.8.2) follows.

To prove (C.8.4) when f (z) satis es (C.8.3), we rst considerz;, the image of
zo through the imaginary axis, i.e., z1 = Xo + jYo. Then % is analytic inside
D, and, on applying Theorem C.7, we have that

|
e L 1@

1
2] Z 7

dz (C.8.6)

C
By combining equations (C.8.5) and (C.8.6), we obtain

I I
_ 1 f(2) f(2) _ 1 Zo 71
(o) = T c Z 2o zZ 1 dz = T c @) (z z20)(z z) dz
(C.8.7)
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BecauseC = Cj [ C; , the integral over C can be decomposedinto the integral
alongthe imaginary axis, Cj, and the integral along the semicircleof in nite radius,
C1 . Becausef (z) satis es (C.8.3), this secondintegral vanishes,becausethe factor
T esz is of order z 2at1.

Then

Z,

1 : Zy Z
f@= 7 (05t

(! zo)(i!  z)

d! (C.8.8)

The result follows upon replacing zo and z; by their real; and imaginary-part
decompositions.
222

Remark C.1. Oneof the functions that satis es (C.8.3) but doesnot satisfy (C.8.1)
is f (z) = Ing(z), wher g(z) is a rational function of relative degree n, 6 0. We
notice that, in this case,

im  UN9@I_ o IKiineInR+ncj_ (C.8.9)
jzjll 12 R11 R
where K is a nite constantand is an anglein [ »;5].

Remark C.2. Equation (C.8.4) equatestwo complex quantities. Thus, it also ap-
plies independently to their real and imaginary parts. In particular,

Z,

<tf(z)g= ©  <ff(j! X0

This observationis relevantto many interesting cases. For instance, whenf (z)
is asin remark C.1,

<f f (2)g= Injg(2)] (C.8.11)

For this particular case,and assumingthat g(z) is a real function of z, and that
Yo = 0, we havethat (C.8.10) becomes

Z,

. 1 R 2X
njg(zo)i = = InjglHi— (C8.12)
O .

where we have useal the conjugate symmetry of g(z).
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C.8.2 Poisson{Jensen Formula for the Half-Plane
Lemma C.1. Consider a function g(z) having the following properties
(i) 9(z) is analytic on the closel RHP;
(ii) 9(z) doesnot vanish on the imaginary axis;
(iii) 9(z) haszemsin the open RHP, located at a;;a2;::: ;an;

ing(2) -

(iv) 9(z) satis es limj,ji; 2]

Consider also a point zo = Xg + j Yo suchthat xo > 0O; then

Z,

X 20 & 1 X
njg(zo)j = In =2 + = 20 _Injg(j!)j)d! C.8.13
19(0)i "z a XAy et ( )
Proof
Let
Y o4a
82) £ 9(2) Z—z*_ (C.8.14)
. i

i=1

Then, In g(z) is analytic within the closedunit disk. If we now apply Theorem
C.9to Ing(z), we obtain

X Zp + g 1 Xo
Ing(zg) = Ing(zp) + In —— = — ———1Ingj!)d!
&(2o0) 9(20) . % a L X2+ (T yo)2 oi!)
(C.8.15)

Wealsorecallthat, if x isany complexnumber, then <f In xg = <f Injxj+j\ xg=
Injxj. Thus, the result follows upon equating real parts in the equation above and
noting that

Injg(i!)i = InjgG!)i (C.8.16)
222

C.8.3 Poisson's Integral for the Unit Disk

Theorem C.10. Letf (z) be analytic inside the unit disk. Then, if zg = ré , with
0 r<1,
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ZZ
f (20) = zi i P (- 1)f(e!)dl (C.8.17)

where P (X) is the Poisson kernel de ned by

2 r2

4_ .
Pe (0= = 2r coqx) + r2 ’

x2< (C8.18)

Proof
Considerthe unit circle C. Then, using Theorem C.8, we have that

|
_ 1 f(2)
f@)= 55 5% (C.8.19)

De ne

4

z,= Z¢ (C.8.20)

Sl

Becausez; is outside the region encircled by C, the application of Theorem C.8
yields

-1 f(@)

Subtracting (C.8.21) from (C.8.19) and changing the variable of integration,
we obtain

Z 2 1 r

1 i
f@=5 19 5= g5 ¢ (C.8.22)

from which the result follows.
222
Consider now a function g(z) which is analytic outside the unit disk. We can
then de ne a function f (z) sud that

f(z)%g ; (C.8.23)



918 Results From Analytic Function Theory ~ Appendix C

Assumethat oneis interested in obtaining an expressionfor g( o), where o =

ré ,r > 1. The problem is then to obtain an expressionfor f

de ne zo = L = %e 1, wehave, on applying Theorem C.10, that

ZZ
o(0)=5 P Dl

where

P )= r2 1
Ly 7 r2 2rcog +1)+1
If, nally , we make the changein the integration variable ! =
result is obtained.

Z
2 r2 1

o % 2rcoy )+1g(el )d

ore )= o

. Thus, if we

(C.8.24)

(C.8.25)

, the following

(C.8.26)

Thus, Poisson'sintegral for the unit disk can also be applied to functions of a

complex variable which are analytic outside the unit circle.

C.8.4 Poisson{Jensen Formula for the Unit Disk

Lemma C.2. Consider a function g(z) having the following properties:

() 9(z) is analytic on the closal unit disk;
(i) g(z) doesnot vanish on the unit circle;
(i) g(z) haszers in the open unit disk, located at 1; 2;:::;

Consider also a point zo = rél  suchthat r < 1; then

z 2
i

Injg(zo)j= I 2

0

Proof
Let

¥ .
62 o) T

i=1 z i

+o- Py DnjgE!id

(C.8.27)

(C.8.28)
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Then In g(z) is analytic on the closedunit disk. If we now apply Theorem C.10
to In g(z), we obtain

X i Z0 1 Z 2 .
In&(z0) = Ing(zp) + In —— = — P ( N Ing(e )d!
i=1 0 i 2 o
(C.8.29)
We alsorecall that, if x is any complex number, then Inx = Injxj + j\ x. Thus
the result follows upon equating real parts in the equation above and noting that

In g(€') =In ge') (C.8.30)
222

Theorem C.11 (Jensen's form ula for the unit disk). Letf (z) andg(z) bean-
alytic functions on the unit disk. Assumethat the zeros of f (z) and g(z) on the unit

disk are 1; 2;:::; n and 1; 2;:::; m resmctively, where none of these zeros
lie on the unit circle.
If
4 _ f(2)
h(z) =z —= 2 < C.8.31
@%z (C.:8.31)
then
z, . .
1 i f (0) J1 200 m)
— Injh(¢ )jd! = In —=% + In—="—"~ "2 C.8.32
2 9 In(€ )] g(0) Jo1 2500 ] ( )
Proof
We rst note that Injh(z)j = Injzj + Injf(2)j Injo(z)j. We then apply the
Poisson{Jensenformula to f (z) and g(z) at zo = O to obtain
z i o Z i o
P1r (X) = Pro(x) = 1, In ]_Oiizlo =1Inj ij; In 107i2|0 =1Inj ij
(C.8.33)
We thus have that
X 1 Z, .
Injf (0)j = Inj ij > Injf (¢')jd! (C.8.34)
i=1 202
Injg(0)j = Inj ij Injg(")jd! (C.8.35)

i=1 2 o
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The result follows upon subtracting equation (C.8.35) from (C.8.34), and noting
that

Z 2
— Iné' d=0 (C.8.36)
2 0

222

Remark C.3. Further insights can be obtained from equation (C.8.32) if we as-
sumethat, in (C.8.31), f (z) and g(z) are polynomials;

A
f(z) = Ky (z i) (C.8.37)
i=1
hd
9az) = (z ) (C.8.38)
i=1
then
Qn
fO) _ . . Az
— = jKi] &HF— (C.8.39)
g@ T T
Thus, 1; 2;::: nand 1; 2;::: m areall thezesand all the polesof h(z),
respectively, that have nonzem magnitude.
This allows equation (C.8.32) to be rewritten as
1 Z 2 ) ] 0 0. 0 ]
— Injh(e! )jd! = InjK¢j+ In:5-2— M (C.8.40)
2 J 1370 fu
whee ¢; 9000 % and §; 9::: 8, are the zews and the poles of h(z), respec-

tively, that lie outside the unit circle .
222
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C.9 Application of the Poisson{Jensen Formula to Certain Ratio-
nal Functions

Consider the biproper rational function h(z) given by
f(2)

h(z) = z rE3) (C.9.1)

is a integer number, and f (z) and g(z) are polynomials of degreesm; and myg,
respectively. Then, due to the bipropernessof h(z), we havethat + m; = mg.
Further assumethat

(i) o(z) hasno zerosoutside the open unit disk,
(i) f(z) doesnot vanish on the unit circle, and
(iii) f (z) vanishesoutside the unit disk at 1; 2;:::; m.
De ne
_f@a 1

= 55 ~ (C.9.2)

wheref (z) and g(z) are polynomials.
Then it follows that

h(z)

(i) 9(z) hasno zerosin the closedunit disk;
(ii) f (z) doesnot vanish on the unit circle;

(iii) f(z) vanishesin the open unit disk at 1; 2;:::; m, where ; = L for
=120 m;

(iv) h(z) is analytic in the closedunit disk;

(v) h(z) doesnot vanish on the unit circle;

(vi) h(z) haszerosin the open unit disk, locatedat 1; 2;:::; m.
We then have the following result

Lemma C.3. Consider the function h(z) de ned in (C.9.2) and a point zo = ré
suchthat r < 1; then

Z,

L1 P ( !)Injh(e")jal (C.9.3)
2

NG .
Injh(zo)j = In 221

where Py is the Poissonkernel de ned in (C.8.18).
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Proof

This follows from a straightforward application of Lemma C.2.
222
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C.10 Bode's Theorems
We will next review somefundamertal results due to Bode.

Theorem C.12 (Bo de integral in the half plane). Let I(z) be a proper real,
rational function of relative degree n,. De ne

92) 2 @+1(2) ¢ (C.10.1)
and assumethat g(z) has neither polesnor zemws in the closel RHP. Then
(
21 forn, > 1

injgG ! )jd = O (€.102)

5 forn =1 whee £ limzy  zl(2)

Proof

Becauseln g(z) is analytic in the closedRHP,

Ing(z)dz= 0 (C.10.3)
C
whereC = C; [ C; isthe contour de ned in Figure C.4.
Then
I Z, z
Ing(z)dz = j Ing(j!)d! In(1 + I(z))dz (C.10.4)
C 1 Ci1

For the rst integral on the right-hand side of equation (C.10.4), we use the
conjugate symmetry of g(z) to obtain

Z 4 Z,
Ing(j!)d! =2 Injg(j ! )jd! (C.10.5)
0

For the secondintegral, we notice that, on C; , I1(z) can be approximated by

- (C.10.6)

The result follows upon using example C.7 and noticing that a= for n, = 1.
222

Remark C.4. If g(z) = (1+ e % I(2) Yfor > 0, then result (C.10.9) becomes
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z 1
Injg(i!)jd! =0 8n; > 0 (C.10.7)

The proof of (C.10.7) follows along the same lines as those of Theorem C.12
and by using the resultin exampleC.8.

Theorem C.13 (Mo died Bode integral). Let I(z) be a proper real, rational
function of relative degree n,. De ne

922 @a+1(2) ¢ (C.10.8)
Assumethat g(z) is analytic in the closel RHP and that it has q zems in the open
RHP, located at 1; 2;:::; ¢ with <( ;) > 0. Then
8 p
Z: < 1 for n, > 1
Injg(j!)jd! = P 4.
: 5+ i forny=1 whee =lim,; 2zl(2)
(C.10.9)
Proof

We rst notice that In g(z) is no longer analytic on the RHP. We then de ne

Y .
o) % oz)

i=1

(C.10.10)
i

Thus, In g(z) is analytic in the closedRHP. We canthen apply Cauchy's integral
in the contour C described in Figure C.4 to obtain

I I xa |
Z+
Ing(z)dz= 0= Ing(z)dz + In
c i1 C £ i

dz (C.10.11)
C

The rst integral on the right-hand side can be expressedas

I Z, z
Ing(z)dz = 2 Injg(j!)jd! + In g(z)dz (C.10.12)
C 0

Ci

where, by using example C.7.

z 0 forn, > 1

Ing(z)dz =

i 4 . (C.10.13)
Ci i forn, = 1 where = limy1  zl(2)
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The secondintegral on the right-hand side of equation (C.10.11) can be com-
puted as follows:

I Zl '|+ . Z Z+ .
dz=j il ig+ pZl
c Z i TR L c. Z i

dz (C.10.14)

We note that the rst integral on the right-hand side is zero, and by using
example C.9, the secondintegral is equalto 2] ;. Thus, the result follows.
222

Remark C.5. Note that g(z) is a real function of z, so

P = <f ig (C.10.15)

222

Remark C.6. If g(z) = (1+ e % I(2) Yfor > 0, then the result (C.10.9) be-
comes

Z, X
Injg(j!)jd! = <f ig 8n, > 0 (C.10.16)
i=1

The proof of (C.10.16) follows along the samelines as those of Theorem C.13
and by using the resultin exampleC.8.

Remark C.7. The Poisson, Jensen,and Bode formulae assumethat a key function
is analytic, not only inside a domain D, but alsoon its border C. Sometimes,there
may exist singularities on C. These can be dealt with by using an in nitesimal

circular indentation in C, constructed so as to leave the singularity outside D. For
the functions of interest to us, the integral along the indentation vanishes. This is
illustrated in exampleC.6 for a logarithmic function, whenD is the right-half plane
and there is a singularity at the origin.

222



